We review and compare recent calculations of hadronic vacuum polarization effects. In particular, we consider the anomalous magnetic moments g − 2 of the leptons and α(MZ ) , the effective fine structure constant at the Z-resonance.
VACUUM POLARIZATION AND CHARGE SCREENING
Typically, charged particles in a collision of impact energy E interact electromagnetically with an effective charge which is the charge contained in the sphere of radius r ≃ 1/E around the particles. As illustrated in Fig. 1 for one of the particles, the effective charge, due to vacuum polarization by virtual pair-creation, is larger than the classical charge which is seen in a large sphere (r → ∞). This charge screening is a particular kind of charge renormalization. Commonly, Fig. 1 is represented by a Feynman diagram like the one in Fig. 2 contributing to muon scattering. Not surprising, the effective fine structure "constant" α(E) appears in many places in physics whenever the typical energy of a process is not in the classical regime. The major contribution to charge screening comes from light charged particle-antiparticle pairs of mass * Report on work in collaboration with S. Eidelman [1] . m < ∼ E/2. While the lepton contributions can be easily calculated in QED perturbation theory the contribution of the strongly interacting quarks is not so easy to obtain. This is the issue of our discussion. 
Formal definition:
The effective QED coupling constant at scale √ s may be written as 
where Π ′ γ (s) is the photon vacuum polarization function
and j µ em (x) is the electromagnetic current.
Contributions:
• Leptons
Their contribution is calculable in perturbation theory. The free lepton loops are affected by small electromagnetic corrections only. In leading order one obtains:
• Quarks
The contribution of the five light quarks (u, d, s, c, b) is not calculable in perturbation theory. The free quark loops are strongly modified by strong interactions at low energy. The way out is the following: unitarity and the analyticity of Π ′ γ (s) allow us to write (Cabbibo, Gatto 1961 
where
has been measured in e + e − -annihilation experiments up to energies above which we may calculate it in perturbative QCD. In other words
• R(s) in known for low and moderately high s from the measurement of the total hadronic cross-section e + e − → hadrons. This is of particular importance in the low energy region and for the resonance regions where non-perturbative physics comes into play.
• R(s) may be reliably calculated for large s in perturbative QCD by virtue of the asymptotic freedom of QCD. The leading contribution is given by the sum over the squares of the charges Q q of all quarks q
with N c = 3 the color factor.
We thus may evaluate the hadronic part of the vacuum polarization by utilizing e + e − -data (non-perturbative) for √ s < ∼ E cut ∼ 40GeV plus the perturbative tail. Of course the data exhibit experimental uncertainties which will allow us to estimate this contribution with limited accuracy only.
Before we continue to discuss the evaluation of the dispersion integral (5), let us remind the reader that the dispersion integral representation derives from basic properties valid for any quantum field theory:
t Unitarity implies the optical theorem: The imaginary part of the forward scattering amplitude of an elastic process A + B → A + B is proportional to the sum over all possible final states A + B → "anything" (see Fig. 3 t Causality implies analyticity which may be expressed in form of a so-called (subtracted) dispersion relation
.
The latter, together with the optical theorem, directly implies the validity of (5) . Note that its validity is based on general principles and holds beyond perturbation theory. It is the basis of all non-perturbative evaluations of hadronic vacuum polarization effects in terms of experimental data.
1.3. Description of the e + e − -data.
In a recent reanalysis [1] of the hadronic vacuum polarization we have collected all published e + e − -data plus some unpublished data (see also [3] ). The data sets obtained for different energy regions have been displayed in a number of figures in Ref. [1] , and we will not repeat them here. The following integration procedure has been used for the evaluation of the dispersion integral:
Take data as they are and apply trapezoidal rule (connecting data points by straight lines) for integration.
To combine results from different experiments: i) integrate data for individual experiments and combine the results, ii) combine data from different experiments before integration and integrate combined "integrand". Check consistency of the two possible procedures to estimate the reliability of the results.
Error analysis: 1) statistical errors are added in quadrature, 2) systematic errors are added linearly for different experiments, 3) combined results are obtained by taking weighted averages. 4) all errors are added in quadrature for "independent" data sets. We assume this to be allowed in particular for different energy regions and/or different accelerators. Table 1 Comparison of estimates of ∆α (7) Jegerlehner (86) [5] 0.0283 (12) Lynn et al. (87) [6] 0.0287 (9) Burkhardt et al. (89) [7] 0.0282 (9) Jegerlehner (91) [8] 0.0273 (4) Martin, Zeppenfeld (94) [9] 0.0280 (7) Eidelman, Jegerlehner (95) [1] 0.0280 (7) Burkhardt, Pietrzyk (95) [10] 0.0275 (5) Swartz (95) [11] 0.0289 (4) Adel,Ynduráin (95) [12] effective fine structure constant at the Zresonance:
.89 ± 0.09 .
Results for α(M Z ):
In Table 1 and [13] we refer to [5] . The differences are mainly due to a different treatment of the systematic errors and/or different model assumptions. Detail of our analysis are given in Table 2 . Note that a reduction of the error would require a precision measurement of the σ tot (e + e − → hadrons) from 1 GeV to about 10 GeV. A few remarks concerning the results presented in Tab. 1 are in order here. Updates seemed to be justified from time to time when new experimental data became available. While there have been [1] were the following: the recent issues of the Review of Particle Properties [4] had some improvements on the resonance parameters and there was progress in calculating R(s) at high energies in perturbative QCD. For the muon anomaly the study of the low energy end by means of chiral perturbation theory allowed us to reduce potential model-dependences of earlier approaches.
The update [7] attempted to estimate an "official" number which could be used by LEP experiments in their analyses. As compared to [5] , a more conservative guess for the uncertainty in the continuum above the ρ up to the J/Ψ was made, and therefore, the uncertainty increased from 0.0007 to 0.0009. Later, the Crystal Ball (CB) collaboration carefully reanalyzed their old e + e − -annihilation data and obtained R(s) values substantially lower than the Mark I data and in agreement with other experiments (LENA).
The results were in much better agreement with perturbative QCD. The change of the data was mainly due to an up-to-date treatment of the QED radiative corrections and τ -subtraction. In Ref. [8] I included the updated results from CB and discarded the Mark I data, which systematically lie 28% higher, on average. Note that, because of the much larger systematic uncertainties of the Mark I data, the results are affected in a minor way if we exclude (50.60(0.24)(3.33)) or include (50.79(0.20) (3.20) ) the Mark I data. The inclusion of the CB data lead to a reduction of previous results by -0.0005. While in Refs. [5, 7, 8] the ρ region was parametrized by an improved Gounaris-Sakurai formula, in our last update [1] we apply trapezoidal rule integration and include the final data from VEPP-2M OLYA, ND and CMD up to 1.4 GeV. This extended analysis confirmed our previous results. From 1.35 to 2.3 GeV new data from ORSAY DCI DM2 lead to a reduction of the error in this region. The error now agrees with the earlier estimate in [5] .
While the analysis [10] is similar in spirit to ours and reproduced our result, the estimate [9] is biased by believing in perturbative QCD down to 3 GeV; some experimental data used in the J/Ψ and Υ resonance regions are rescaled using perturbative QCD. In contrast to this estimate which yields a low value, the estimate [12] , which also relies on perturbative QCD, finds a large value; both estimates result in much lower errors than what can be justified by the data alone. In the analysis of [11] data are fitted before integration. This requires a guess of the functional form of the integrand which is then fitted to the data. In addition one has to assume some kind of correlation matrix between the data points. One consequence of the method applied is that the inclusion of one additional unpublished data point [18] led to a shift of the result by 1 σ.
In Fig. 6 we show the result for α(−Q 2 ) as a function of E = |Q| for low t = −Q 2 in the spacelike region, which is relevant for the t-channel contribution to Bhabha scattering. Note the dramatic increase of the effective charge at low spacelike momenta. This shows that the classical limit is difficult to reach in a scattering experiment. A clean measurement of the running of α(−Q 2 ) is possible at LEP by an appropriate analysis of the small angle Bhabha scattering data. The values of Q 2 should be low enough such that the t-channel contribution is clearly dominant. In Fig. 7 we show the uncertainty in % of our evaluation of the running charge in the low energy region.
Parametrizations.
We have performed fits of ∆α (5) had (s). The parametrizations 2 and the best fit parameters we found are the following: For −(2GeV) 2 < s < (0.25GeV) 2 the best fit is ∆α 
2 , c 4 = 1.989233 × 10 −4 . At higher energies, in the ranges E min < E < E max , we have ∆α 
VACUUM POLARIZATION CONTRI-BUTION TO g − 2
The leading hadronic contribution to g − 2 is given by the diagram Fig. 8 , where the blob represents the one-particle irreducible contribution to the photon propagator. To evaluate the diagram Fig. 8 we can make use of the representation (5) for the vacuum polarization function. Again one obtains a dispersion integral (Bouchiat, Michel 1961 , Durand III 1962 , Gourdin, de Rafael 1969 
which may be evaluated in terms of the experimentally accessible quantity
. hadrons + Figure 8 . Leading vacuum polarization contribution to g − 2.
The kernelK(s) of (6), depicted in Fig. 9 , is a smooth bounded function. The present status od the hadronic vacuum contribution to g − 2 is summarized in Table 4 and Fig. 10 . Only the leading hadronic vacuum polarization diagram is included. Our estimate is Our values for a had e and a had τ are given in Table 5 . This can be reduced to 8×10 −10 by ongoing measurements at VEPP 2M in Novosibirsk [35] and in a forthcoming experiment at DAΦNE in Frascati [36] . This has to be compared with the ex- perimental precision of the forthcoming BNL experiment E821 at Brookhaven [33] . The present experimental precision is 84 × 10 −10 was obtained in the CERN experiment [34] . A look at Table 3 shows that a measurement of e + e − → hadrons for 1.5 GeV to 3.6 GeV to 1% accuracy is urgently needed in order to be able to fully exploit the BNL measurement of a µ .
« Bhabha scattering: the hadronic uncertainty is not a limiting factor in small angle Bhabha scattering (luminosity monitoring). The esti- « In principle one could try to do a direct measurement of (g − 2) µ had and α(M Z ). Unfortunately, in this case one would lose the most important predictions and in addition the result would be model dependent !.
« Reliable theoretical calculations are not in sight.
« A real breakthrough in improving on the hadronic uncertainty will require dedicated efforts in high precision measurements of R(s) in a wide energy range.
APPENDIX: Analytic expressions.
In many cases, in some interval 4m 2 π ≤ s 1 < s 2 ≤ ∞, one may approximate R(s) by simple analytic expressions and the dispersion integral
may be performed analytically.
We consider a few examples in the following.
• Linear extrapolation
For example, for non-resonant contributions (neighboring) data points may be approximated by a linear function
in the c.m. energy which gives a contribution
• Narrow width resonance
The contribution from a zero width resonance
3 Eq. (7) of Ref. [7] contains several misprints
is given by
• Breit-Wigner resonance
The contribution from a Breit-Wigner resonance
is given by For broad resonances the different parametrizations of the resonance in general yield very different results. Therefore, it is important to know how a resonance was parametrized to get the resonance parameters like M R and Γ. For narrow resonances as considered in our application results are not affected in a relevant way by using different parametrizations.
